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INTRODUCTION

Positive definite functions associated with the ultraspherical polynomials
were studied by Schoenberg [24], Kennedy [18], and Bingham [5].
Generalizing Bochner’s theorem, it was shown that positive definite functions
associated with ultraspherical polynomials are exactly the absolutely
convergent ultraspherical expansions having nonnezative coefficients, see
[18, Theorem 3.1]. In [25,26] Schwartz investigated absolutely convergent
nonnegative expansions in certain general orthogonal polynomials. Here we
shall prove a Bochner theorem in the setting of commutative hypergroups.
An application of this theorem characterizes the expansions studied by
Schwartz as exactly the positive definite functions. For that, positive
definiteness is defined in a natural way. The correspondence between
hypergroups and certain orthogonal polynomial sequences was recently
established in [19].

The theory of hypergroups has been developed in [11,17,27] and has
received a good deal of attention from harmonic analysts. Hypergroups arise
as double coset spaces of locally compact groups. As yet mentioned, certain
orthogonal polynomial sequences bear a hypergroup structure, too. Our main
reference for hypergroups will be [17)].

Throughout this note K will be a commutative hypergroup. Denote by

K = {a: K - C: a continuous, bounded, a(e) = 1,

Py py(a) = a(x) a(y), a(X) = al(x)},

the character space of K. Equipped with the topology of uniform
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convergence on compacta, K is a locally compact Hausdorff space. For each
4 € M(K) the Fourier transform is given by

#(a) = [ a(x) du(x).

For u € M(K) the inverse Fourier transform is defined by

H(x) = [ a(x) du(a)

We shall say that K is a hypergroup with respect to pointwise multiplication,
if for a, B € K there exists a probability measure p, * p; € M(K) such that

a(x) f(x) = (p, * pg) (x)

for each x €K, and K is a hypergroup with this convolution and the
complex conjugation as involution and one as unit. In general the dual K of
a commutative hypergroup K is not a hypergroup with respect to pointwise
multiplication, see [9, Example 4.8; 17, Example 9.1c], or Examples 2f and
2g in Section 2. If K is a dual hypergroup, then K (IE')A in a natural
manner, [17, Theorem 12.4B]. If in addition K =(K) holds, then [17,
Theorem 12.3B] shows that the Fourier transforms g of positive measures
u € M(K) are exactly the bounded positive definite functions on K.

The aim of this treatise is to characterise the Fourier transforms g of
positive measures u € M(K), where K is an arbitrary commutative
hypergroup without any assumptions on the dual K. Further we describe the
applications for orthogonal polynomial expansions.

1. BOCHNER THEOREMS

Recall that K denotes a commutative hypergroup. A continuous bounded
function ¢ € C(K) on K is called strongly positive definite if for any
1 € M(K) with & >0, the inequality [ o(a) du(a) > 0 holds. If ¢ is strongly
positive definite, then ¢(1)=[o(a)dp,(¢)>0. The set of all strongly
positive definite functions on K is denoted by SP(K). A measure u € M(K),
such that g > 0 holds, we shall call positive definite. The set of all positive
definite measures is denoted by PM(K).

PROPOSITION 1. Let ¢ be in SP(K).

(a) If u € PM(K), then (pu) > 0.
(b) If u € M(K) such that i is real valued, then | ¢(a) du(a) is real.
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(c) The equality (@) = p(a) holds, and  and Re ¢ are also in SP(K).

(d) If v is a further element of SP(K), then oy and ¢, + ¢,y are in
SP(X) for ¢;,c, 2 0.

Proof. (a) If u€ PM(K), then (ﬁ;y)v(y) = [fi(z) dpz * p,(z) > 0 for
each x, y € K. Thus (pu) (%) = [ ¢(a) d(p,u)(@) >0 for any x € K.

(b) Let #(x)ER for any x€K. Then |d|,p,+4€ MK) and
(ldl,p,+#) >0. Thus [dl,0(1)+f (@) du(@)>0. In particular
J o(@) du(a) € R.

(c) Since (p, +p;) =2Rea, we have p(a) + ¢(@) € R by (b). Since
(P, —psz) /i=21Ima, we see that (p(c) — ¢(d@))/i € R. Hence o(@) = ¢(a).
Further by (u*) =g, [17,12.1F], we have [ ¢(a)du(a)= [ ¢(&@) du(a) =
['o(a)d*(a) > 0. Thus ¢ € SP(K), and then Re ¢ € SP(K) holds.

(d) The product gy is strongly positive definite by (a).

Denote by m the Haar measure on K, see [28], and imbed L'(K) = L'(m)
into M(K) as ‘usual. Levitan’s theorem, [17,7.31], yields a nonnegative
measure 7 on K, the Plancherel measure, such that

(17 dmee) = (/@) dn(@)  for f€L'(K)NLYK).

Also we imbed L'(K)=L"'(n) into M(K). For a locally compact space X
denote Cgo(X) (resp. Cy(X) the space of all continuous functions having
compact support (resp. vanishing at infinity).

PROPOSITION 2. (C,o(K)) is a sup-norm dense subspace of Cy(K).

Proof. By [6, Theorem 2.4.1] we know that (Cy,(K)) is a subspace of
Co(K). Assume that (Cyo(K)) is not sup-norm dense in C,(K). From the
Hahn-Banach theorem and Riesz’ representation theorem there exists a
uEM(K), u#0, such that [A(x)du(x)=0 for any h€ Cyy(K). Thus
0= [] h(a) a(x) drn(a) du(x) = | h(a) fi(a) dr(a) for any h € C,y(K). By [17,
Lemma 12.2B| we have y =0, a contradiction.

THEOREM 1. Let ¢ be in SP(K). Then there exists a unique positive
measure v € M(K) such that ¢|supp n = 7V|supp n. Conversely ¥ is strongly
positive definite for each positive measure v € M(K).

Proof. At first let vE€ M(K) be a positive measure. If 4 € PM(K), then
| #(a) du(a) = [ (%) dv(x) > 0, i.e., € SP(K). Now assume that ¢ € SP(K).
If 4 € M(K) with ji being real valued, then (||g|, p, + 4) > O holds. Thus
1l (1) £ [ p(e) du(@) >0, and then |f ¢(a)du(e)| < (1) [|d],. For an
arbitrary 4 € M(K) denote by u, = (u+u*)/2, u,=@u—u*)/(2i). Then
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=Red, fgh=Img. Hence |fo(a)du(@)|<o(D)lld, ], + o), <
20()[4l,. Thus ¢:M(R) »C, ¢()=Jp(@)du(@) is a sup-norm
continuous linear functional. Denote by ¢, the extension to Cy(K) of
¢|(C00(1€ )) . There exists a measure v € M(K) such that

[ 0(@) h(@) dn(@) = g4() = [ hiGx) dvix)

for each h € Cyo(K). Further v is a positive measure. In fact, given
JE€ Cy(K), f>0 and ¢ > 0, Proposition 2 yields a function & € Coo(K) such
that |f—h|,<e We may assume that A is real valued. Define

=ep, +hEM(K). Then g>0, and hence ¢()>0. Since
|ff(x) dv(x) — ¢(i)| < 4p(1) &, we see that | f(x)dv(x)>0. Thus v and also
7 are positive. If & € Cyo(K), then

j o(a) h(a) dn(a) = j h(x) dv(x) = j h(a) 7(a) dn().

The continuity of ¢ and implies, that 9=V on suppr. Finally the
uniqueness of v follows by [17, Lemma 12.2B].

COROLLARY 1. (a) If ¢@€SPKK), then |p(a)|<o(l) for each
a € supp 7.
(b) Assume that suppn=K. If (9,) is a sequence of functlons of
SP(K) such that @, converges uniformly on compact subsets of K toa
continuous function @, then ¢ is strongly positive definite.

Proof. (a) follows by Theorem 1.

(b) By (a) and ¢,(1)— ¢(1) there exists a constant M > 0 such that
| (@) <M for each n€ N and each a € K. Let u € PM(K) and ¢ > 0.
Choose a compact subset C < K such that | p|| K\C < &. Then

\ [ p(@) du(@) — [ pule) duta) | < 20

+] lo@ — o @l (@)

Now it is obvious that [ ¢(a) du(a) >0

Equip the space M(K) with the weak topology, i.e., the topology defined
by the duality (M(K), C*(K)), where C*(K) is the space of all bounded
continuous functions, see, e.g., |16, p. 24].
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COROLLARY 2. Assume that suppn =K. The Fourier transformation
":M*(K)- SP(K) defined on the set M*(K) of all positive measures of
M(K) is a homeomorphism, where M™*(K) bears the weak topology and
SP(K) the topology of uniform convergence on compact subsets of K.

Proof. One has to make minor modifications of the proof in the group
case. First, assume that (v,) is a net with v. € M*(K), and v € M*(K) such
that v, —» v weakly. Let a, € K and & > 0. Similar arguments as (e.g., in the
proof of Theorem 3.13 of [4, p. 15]) yield an index x, and a neighbourhood
Vo, Of a4 such that [9,(a,) —¥.(a)| < ¢ for each a € V,, , k > #,. But now it
is routine to prove that %, - # on compact subsets of K. Conversely, assume
that », tends to ¥ in the topology of compact convergence. Using
Proposition 2 the arguments of [4, p. 16] yield that v, tends to v vaguely. By
[16, Theorem 1.1.9] we have v, — v weakly.

Remark. In general supp 7 is a proper subset of K. But if X is compact,
then supp 7=K. In fact let a€K. By [17,7.31] we see that
0 < [|a(x)|* dm(x) = [ |d()|> dn(B). But &(B)= | a(x)B(x) dm(x)=0 for
a # B, (27, Theorem 11.2.2]. Thus a € supp .

COROLLARY 3. Let @€ SP(K)NL'(K). Then ¢ is nonnegative,
¢ € LY(K), and (§) (a) = ¢(a) for each a € supp .

Progf. By Theorem 1 we may write ¢(a)=¥a) for each a € supp =,
where v € M *(K). Thus $n = gn € M(K). By [17, Lemma 12.2B] we see that
v=¢m; ie, JEL'(K) and ¢>0. Again [17,12.2B] yields that
on = (§m) n. Since (#)" and ¢ are continuous functions, (¢) (a)=¢(a)
holds for every a € supp 7.

If K is a hypergroup with respect to pointwise multiplication one can
consider the relation of strongly positive definite functions to bounded
positive definite functions on K. A-continuous function ¢ € C(K) is called
positive definite, if

Z z li;{jpn, *Pa—,(‘ﬂ) >0

i=1j=1
for any choice of 4,,...,4, € C and a,..., ¢, € K, compare [17, 11.1].

PRrRoOPOSITION 3. Assume thqt Kisa hypergroup with respect to pointwise
multlplication; If ¢ is in SP(K), then D¢ is a bounded positive definite
Jfunction on K for each x € K.
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Proof. For A,,.,4,EC, a,,.,a, €K denote by A=3"7_, 4, p,,. Then
(A *A%) (x)=|21, 4;0,(x)|* > 0. Hence for x € K

S S Aids o, * Pay(Br0) = prx«)(a) dl x A*(@)
=[p(A*A%¥)] (®)>0

by Proposition 1(a).

We are not able to give a complete answer to the question whether the
converse implication of Proposition 3 is valid. But we can prove the
following statement:

THEOREM 2. Assume that K is a compact hypergroup such that Kisa
hypergroup with respect to pointwise multiplication. If ¢ is a bounded
Sunction such that p o is positive definite for each x € K, then there exists a
unique positive measure v € M(K) such that ¢ = ¥. Conversely, p, ¥ is positive
definite for each vE M*(K) and x € K.

Proof. Of course p,#=(p,*v) is a positive definite function, if
vE€ M*(K). The proof of the converse implication is motivated by [7], see
also |15, Theorem 30.2]. Denote by T(K) the linear span of K. Define the
linear functional ¢ on T(K) by

$/)= X hiola)

for f=31_, 4;a;, A€ C, a; € K. Now ¢ is well defined, since K is a linear
independent set in 7(K). We state that p, x (ff) € T(K) and

(p.+ (f)>0 (1)

for each f€ T(K), x€K. In fact if /=31, 4,0, € T(K), we have a,a;=
Smy bY B BY € K, bY > 0. Observe that K is a discrete hypergroup. Hence

pex (=Y N iy Z byl - BY(%) BY € T(K).

1/1

Further

9P () = V Aid; Z b 9 (BY)

§l1=

i 1

;Li'l—jpa, *P?,(ﬁ;‘ﬂ) >0,



BOCHNER THEOREMS 317

since p,¢ is positive definite. Now we prove in a similar way as in
[15, (30.2)] that

#(g)>0 2)
for g€ T(K), g 2 0. For f=3"" | A;a, € T(K) define f, € T(K) by

Sox)=0(pe+ £) =3 Lipla) a,(x).
Given k € T(K), h > 0 denote by ¢” the linear functional on T(K) defined by
8"(f) = [ h(x) o) dm(x)
Since (ff),(x) = ¢(p, * () >0 for each x €K,

$"(ff) >0 3

holds for each f€ T(K). If h=3"7_, A;a;, A; # 0, denote

¢ = j |a;(x)|* dm(x) and M = sup
xeK

g"lc.-‘ §"(@) o) |

Using [27, Theorem I1.2.2] one obtains

16" = <M\ Sy

S (e [ 76 @) dme)) ¢

The norm-continuity of ¢”, {29, Theorem 2.13] and (3) imply that
¢"(g)>0 4)

for g€ T(K), g > 0. To prove (2) now choose an approximate unit (#,) in
LY(K), h,€ T(K), h,>0,llhJl,=1 according to [29, Lemma 2.12]. For
a € K we have % (a)— 1. Hence for g € T(K), g >0, ¢"<(g) tends to ¢(g).
Thus ¢(g)>0 by means of (4). Using (2) one proves as in [15, (30.2),
p. 157] that ¢ is norm continuous. 7(K) is norm dense in C(K). Hence there
exists a unique positive measure v € M(K) such that

¢(g)=fgdv for g€ T(X).

In particular ¢(a) =¢(a) = 5((1) for every a € K.
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COROLLARY 4. Assume that K is a compact hypergroup such that K is a
hypergroup with respect to pointwise multiplication. Then ¢ € C(K) is
strongly positive definite if and only if p.¢ is a bounded positive definite
Sfunction for each x € K.

There is a (rather weak) duality theorem for a hypergroup K, whose dual
K is a hypergroup with respect to pointwise multiplication: K < (If')A, see
[17,12.4]. If in addition X =(K)  holds, we shall call K a strong
hypergroup. Examples for strong hypergroups are given in 1a and Section 2,
Example 2a.

PROPOSITION 4. Assume that K is a hypergroup with respect to pointwise
multiplication. K is a strong hypergroup if and only if each bounded positive
definite ¢ € C(K) is strongly positive definite.

Proof. If K is a strong hypergroup, [17, Theorem 12.3B] yields that
every bounded positive definite function ¢ € C(K) is strongly positive
definite. Conversely, let ¢ € (K) . Hence ¢ is a bounded positive definite
function. By the assumption and Theorem 1 we can write ¢ =V, where
y € M* (K). On the other hand the linear functional on C,o(K)

8N =[0(@ f@dn(@), [ECou®),

is multiplicative. Since ¢w(f )={ f(%)dv(x), we see that ¢, is norm
continuous. Using Proposition 2, ¢, admits a unique extension to Cy(K).
This extension is multiplicative, too. Hence there exists a point x € K such
that

8,(/) =1x),
for each f€ Cyo(K), i.e., 9 =p,. Therefore K = (K)~, see [17, 12.4].
Finally we present a consequence of [17, Theorem 12.3B|, which has a

nice interpretation for our examples in Section 2.

COROLLARY 5. Let ¢ EL‘({( ) be a bounded positive definite function.
Then ¢ is nonnegative, ¢ € L'(K), and (§) =o.

Proof. Reference [17, Theorem 12.3B and Lemma 12.2B] yields that
@ € L'(K) and ¢ > 0. The inversion theorem, [17, Theorem 12.2C]} says that

@) =9
ExAMPLE la. First we describe a rather general class of strong

hypergroups. Let G denote a locally compact group and let B denote a
subgroup of the automorphism group Aut(G) that contains the group I(G) of
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inner automorphisms. If the closure B of B in Aut(G) is compact, then the
B-orbit space G, of G is a commutative hypergroup with natural operations,
see [23, Sect. 1]. In [14] it is shown that G, is a hypergroup with respect to
pointwise multiplication. That (G) is equal to G, follows by [13]. This
class includes among others the set of conjugacy classes of compact groups
or K= (R")so(m-

ExampLE 1b. Theorem 1 applies to any commutative double coset space
G//H, where H is a compact subgroup of the locally compact group G. For a
concrete example take G=SL(2,C) and H=SU(2). Then [0, 0] is a
model for K =G//H, see [17,15.5 and 9.5], and K = [—1, oo[, whereas
supp 7 = |0, oo|.

2. APPLICATIONS TO ORTHOGONAL POLYNOMIAL EXPANSIONS

In the sequel K is No,=NWU {0} bearing a hypergroup structure
corresponding to certain orthogonal polynomial sequences, see [19]. We
have to set up some notation. Let (@,),cn> (Bu)nens (Cu)nen be three real-
valued sequences such that ¢, >0,¢,>0, 5,20, and a,+b,+c,=1. If
(a,), (b,), (c,) satisfy a certain positivity property (P), see [19, Sect. 2], these
sequences determine a hypergroup structure on N,. The “generating”
convolution is given by

pl*pn=anpn+l+bnpn+cnpn—l9 nelN'

The Haar measure on N, is given (up to normalization) by

HO) =1, h(1)=1/e,, k=] ak/" . n=23.

k=1 k=
Fixing a, > 0,b, € R such that a, + b, = 1 define

Py(x)=1, Pi(x)= (1/as) x — (bo/ay)
P, 1(x) = (1/a,) Py(x) Py(x) — (b,/a,) P,(x)
- (cn/an) Pn—l(x)’ n€N. (R)

Now (P,(x)) is an orthogonal polynomial sequence. For x € R denote
a,.:Ny— R, a,(n)=P,(x), and let Dg={x € R: (P,(x)) is bounded}. Then
ﬁo = {a,:x € D}, Dg is homeomorphic to ﬂ/\l\o, and Dgc [1 —2a,, 1]. The
Plancherel measure 7 is the orthogonalization measure of (P,(x)). If Dg=N,
is a hypergroup with respect to pointwise multiplication, then N, is a strong
hypergroup, [19, Proposition 2]. Likewise Dy is then a strong hypergroup.
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THEOREM 1'. Assume that (a,),(b,),(c,) have property (P). Let
@ € C(D,) be a continuous function on Dg. Then

o)= 3 d,P,(x) h(n)

holds for x € supp 7, where d, >0, >'°_, d,h(n) < co, provided

j @(x) du(x) > 0 for any measure u € M(D) with
Dg

| Pux)due) >0,

Ds

The coefficients d, are given by d,= | ¢(x) P,(x)dn(x). Conversely for
any  sequence  (d,)neny 4,20, Y dh(n) <o and ¢(x) =
3 d,P,(x) h(n), x € Dy, the inequality | ¢(x) du(x) > O holds for u € M(Dy)
with | P,(x) du(x) > 0.

We call (g, )cens & € C(Dg) a positive definite approximate unit for Dy, if
|l glli <1, g4(n) >0 and g{{(n)—> 1 as k> oo for each n € N. If Dy admits
such an approximate unit we can give an improvement of Theorem 1'.

LEmMA 1. Let (a,), (b,), (c,) have property (P). Assume that Dy admits
a positive definite approximate unit. Let ¢ € C(Ds) such that
d,= [ ¢(x) P,(x)dr(x) >0 holds. Then ¥ d,h(n) < c.

Proof. Let E be a finite subset of N,. Denote the positive definite
approximate unit by (g,). Then [17, Theorem 12.11] yields that

Y glmyd,hm)< Y gdn) d,h(n) = J gi(x) p(x) dn(x)

nekE neNy

< ledhllell, <llell,
for each k € N. Hence ), .. d,h(n) < | ¢||, and then 3", .\, d,.h(n) <llo|,-
THEOREM 3. Let (a,), (b,), (c,) have property (P). Assume that Dy
admits a positive definite approximate unit. Let ¢ € C(Dg). Then

o(x)=>.d,P,(x)h(n) holds for each x€Esuppn, where d,>0,
2. d,h(n) < o, provided

j(p(x) P,(x)dn(x)>0  foreach n€N,.

The coefficients d,, are given by d, = | ¢(x) P, (x) dn(x).
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Proof. Denote d,=¢(n). By Lemma 1}’  ,d,P,(x) h(n) is uniformly
convergent, say to w(x). Since Yy =¢ we have ¢(x)=w(x) for each
X € supp 7.

THEOREM 4. Let (a,), (b,), (c,) have property (P) and assume that Dy is
a hypergroup with respect to pointwise multiplication. Let ¢ € C(Dy). The
JSollowing are equivalent:

(a) ox)=>'d,P(x)h(n) for each xEDg;, where d,>0,
3 d, h(n) < oo0;

() [ o(x)du(x) >0 for each u € M(Dg) with | P,(x)du(x)>0;

(¢) d,=]o(x)P,(x)dn(x)>0; and

(d) for any n-tuple x,...,x,E Dg the matrix (D, *D.(0)i<ij<n IS
positive definite.

Proof. Since Dg is a dual hypergroup, we have supp 7= Dg. By the
preceding and [17, Theorem 12.3B] it remains to show that Dg admits a
positive definite approximate unit. According to [9, Theorem 2.8] choose an
approximate unit (f}) in L'(Ds) such that f;, € C(Dg). Define g, =
S %55 fu # £l . One can easily establish that (g,) is a positive definite
approximate unit for Dg.

Now we point out how the positivity of connection coefficients can be
used in the discussion of positive definiteness. If (Q,(x)) and (P,(x)) are two
sequences of orthogonal polynomials, (Q,(x), P,(x) of degree n), then one
can write .

Qn(x)= Z ck,nPk(x)'

k=0

The numbers ¢, , are called connection coefficients. The problem to
determine these coefficients or to decide when these coefficients are
nonnegative is thoroughly studied by Askey and others, see [1, Lecture 7].
We shall shortly write (P,(x)) > (Q,(x)), if every ¢, , is nonnegative.

Let (a,), (b,), (c,) (resp. (a)), (by),(c.)) have the property (P). Fix
a,, b, (resp. aj, by) and define (P,(x)), h, Dy, n (resp. (@,(x)), h', D}, n’') as
above. We assume that Dg=Dg. We note that supp 7 is infinite. This is
implied, for example, by Proposition 2. The following result can be used in
the discussion of a problem in numerical analysis (cf. [22]).

THEOREM 5. With the preceding notation the following are equivalent:
(@) (Py(x)) 2 (Qu(x)),
(b) PM(D;) < PM(Dy),
(c) SP(Ds)=SP(Dg).
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If in addition supp n’ = D§ holds, then each of these conditions is equivalent
to the following:
d) If ¢ € C(Ds) with dy= [ ¢(x) Qu(x)dn'(x) >0, 3 d,h'(n) < o,
then d, = | ¢(x) P,(x)dn(x) >0, Y d,h(n) < .
Proof. Obviously, (a)— (b), and (b) - (c). Since Q,, € SP(Dy), condition
(c) and Theorem 1 yield that

m
Qn(x)= Y ¢; uPu(x) for each x Esuppn,  where ¢, , > 0.
k=0

But supp x is irfinite. Hence (P,(x)) 2> (Q,(x)). Suppose that supp ' = D5.
Then ¢(x)=>"d, Q,(x)h'(n) for each x € D. In particular, ¢ € SP(D}).
Hence condition (c)-» (d). Conversely, by (d) we see that c, ,/h(n)=
§ Qm(x) Py(x) dn(x) > 0.

Applying Corollary 5 we have a contribution to positive sums of
orthogonal polynomials, see |1, Lectures 1, and 8].

CoroLLARY 5'. Let (a,), (b,); (c,) have property (P). Let d=(d,),en,
be a sequence such that Y |d,|h(n) < co. Then }_ d, P,(x) h(n) > O for each
x € Dg if and only if (P, * P(d))1<1,j<n are positive definite matrices for
each n-tuple m,...,.m, € N,.

ExaMpLE 2a (Jacobi polynomials). Fix o,fER,a2f>—-1,a+
B+ 1> 0. Define for n € N:

_ 2nta+f+Dnt+a+ Da+f+2)
" @2nta+f+2)2nta+f4+ )20+ 1)’

__a-§8 [l—— (@+B+2)a+h) ]
" 2a+ 1) Qn+a+B+2)2n+a+p) |’

o = 2n(n+p)a+p4+2)
"TQnta+B+D2n+a+pf)2@+ 1)

Let ap=2(a+ 1)/(a+B8+2), by=(B—a)/(ea++2). Then (R) defines
P,(x) =P ®(x), the classical Jacobi polynomials. The sequences (a,),
(b,), (c,) have the property (P) and suppm=Dg=[—1,1], see
[19, Sect. 3(a)]. If in addition > —3 or a + >0, then Dg=[—1,1} is a
hypergroup with respect to pointwise multiplication. Moreover, N, and
[=1, 1] are strong hypergroups, see [19, Sect. 4, ad(a)}. For a = we have
the ultraspherical polynomials.
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ExaMmPLE 2b (Continuous g-Jacobi polynomials). Fix a, 8, ¢€R,
az2f>—1,a++120,0<g< 1 Let

1 —g®tn+1)(1 B+nt+1yq1 n+lyy a+B+n+1
4 _U-q XA+g"" )1 +¢" )1 —g )
n \/5(1_qa+B+2n+l)(1__qa+B+2n+2)

_ Va1 —g")(A + ¢ ") + 47 (1 —¢%*")
(1 _qa+B+2n)(1 _qa+B+2n+1)

C,

Consider 0“8 (x; ) = Q,(x) defined by

22Q,(x) = 4,0 1(¥) — A, + Co = V3 = 1/V/9) Q%) + C, 0, (x),
Qolx) =1, Q_,(x)=0.
The Q,(x) are (up to normalization) the continuous g-Jacobi polynomials

studied in [12, 21], see also [3, (3.4)]. Observe that the zeros of Q,(x) are
contained in |—1, 1{, see [12, Sect. 2]|. Hence y,=Q,(1) > 0. Let

_ (1 _qa+1)(1 +q1}+l) _ qa+l _ql}+1
Qo= (1—g278%2y N TP S
Now define
:An})n+1 b :\/‘;'1' l/ﬁ_An_Cn_ﬁ)_ ¢ =Cnyn—1
" 2a,y, ’ " 2a, ao’ " 2a,y, ’

For the polynomials P'*#'(x;q), which are defined by (R), we have
PP (x; q) = Q' (x; q)/y,. Hence a,+b,+c,=1. Now use [21] or
[12, Theorem 1]. In particular we see that b, > 0. But the main contribution
of [21}] is that (a,), (b,), (c,) satisfy the property (P). Further suppz =
(—1, 1}, see [3, (4.1)], and [—1, 1] € Dg < [1 — 2a,, 1]. The limit case g — 1
yields Example 2a.

ExaMpLE 2¢ (Continuous g-ultraspherical polynomials). Fix —1 < f < 1,
0<g<1. The continuous g-ultraspherical polynomials C,(x;flq)
correspond in the described way to a hypergroup structure on N,. For
details we cite [19, Sect. 3(c)]. Further supp # = Dy = [—1, 1] holds. These
examples are partially contained in Example 2b.

ExamMpLE 2d (Associated continuous g-ultraspherical polynomials). Fix
0<f<<g<1,0<a< 1. The associated g-ultraspherical polynomials
C&(x;f|q) bear a hypergroup structure, see [8] or [20, 3(f)]. We have
supp 7z =Dg=|—1,1].

640/37/4-3
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EXAMPLE 2¢ (Associated Legendre polynomials). Fix v>0. The
associated Legendre polynomials P,(x;v) correspond to a hypergroup
structure on N, see [19, Sect. 3(b)]. We have supp # = D¢ = [—1, 1].

ExaMPLE 2f (Polynomials connected with homogeneous trees). Fix a > 2.
Define a,= (a — 1)/a, b,=0, c,=1/a, nEN, ay,=1, by=0. In this way
there is defined a hypergroup structure on N,, [19,Sect.3(d)], the
orthogonal polynomial sequence being intimately connected with
homogeneous trees. We have Dg=[—1,1], but suppzn=[-2+\/a—1/a,
2v/a—1/a|, see [10, Théoréme 1|. In particular N, is not a strong
hypergroup, if a > 2.

ExaMPLE 2g (Generalized Tchebichef polynomials). Let a, fER,
B> —1,a>p+ 1. The generalized Tchebichef polynomials 7¢#(x) bear a
hypergroup structure [19, 3(f)]. We have supp =Dy = [—1,1]. If > — 4,
then Dy is not a dual hypergroup, see |19, Sect. 4, ad(f)].

Further examples may be found in [19]. Concerning applications of
Theorem 5 to concrete examples we refer to [1, (7.33), (7.34)] saying that
(PED@) > PYP(x) if y>a>—1 and PEPE)> PYOR) if
y>a>—1 and to [3, (4.15)] saying that

(Cux;Blg)) > (Cplxs7lg) i 0<g <1, —1<y<p<L
The general result of {2, Theorem 1] yields that

(PYO(x)) > (Py(x5v)) > (Py(x; )
> PMYP(x) i u2v 20,

where P,(x, v) are the associated Legendre polynomials of Example 2e.
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